For a permutation group H on an infinite set X and a transformation / of X, let ( / : / / ) = ({hfh' 1 : h € //)) be a group closure of / . We find necessary and sufficient conditions for distinct normal subgroups of the symmetric group on X and a one-to-one transformation / of X to generate distinct group closures of / . Amongst these group closures we characterize those that are left simple, left cancellative, idempotent-free semigroups, whose congruence lattice forms a chain and whose congruences are preserved under automorphisms.
Introduction
Let X be a nonempty set, and let H be a subgroup of the symmetric group & x °n X. Denote the alternating subgroup of $f x by srf x . Given a transformation / of X, the semigroup If X is finite, then for a transformation / of X we have that (/ : s/ x ) and (f :& x ) differ if and only if / is a partial one-to-one nilpotent having the union of its image and domain equal to X ( [5, 8, 7] ). In particular, if / is a total transformation, then (/ : sf x ) = (f : tfx), and the semigroup (/ : s/ x ) is a ^-normal semigroup. The papers cited above address the following problem for a finite set X: The case of an infinite set X is much more complex than that of a finite X. Here Problem 1 is addressed in the particular case when X is infinite and the subgroups of Sfv are normal. We establish necessary and sufficient conditions for two distinct normal subgroups H x and H 2 oi < S x to produce equal group closures (/ : Hi) and {/ : H 2 ) of a one-to-one total transformation / of X.
A semigroup 5 is said to be a ^.-semigroup if its congruence lattice Con(S) forms a chain. A congruence 6 on a semigroup S is said to be invariant under an automorphism x(r of 5 if whenever (/, g) € 6 we also have (VK/). ^(g)) € 6. For a transformation / of X, let the defect of / be the cardinality of the complement of its image im(/),
def(/) = | X -i
The subset of all the points of X shifted by / is S(f) = {x e X : f{x) £ x) and
shift(/) = |5(/)|, fix(/) = \X-

Given an infinite cardinal y < \X\, the Baer-Levi semigroup BL(\X\,y)
is the semigroup of all total one-to-one transformations of X with defect y [1] . Baer-Levi semigroups are idempotent-free left simple, left cancellative A-semigroups whose congruences are preserved under automorphisms ( [9, 10, 11] ). The following problem was raised in [10] . PROBLEM 2. Characterize all idempotent-free left simple, left cancellative A-semigroups whose congruences are preserved under automorphisms.
Let / be a total one-to-one transformation of X such that y = def (/) is infinite. If shift(/) = |X|, then ( / : & x ) is a Baer-Levi semigroup BL (\X\, y) . It was shown in [10] that for any g € BL(\X\,y), the semigroup {g : ^x) satisfies the conditions stated in Problem 2. In this paper, for a normal subgroup Hof&x, we characterize the //-closures of / that satisfy the conditions stated in Problem 2, thereby generalizing the result of [10] and providing a contribution towards a solution of Problem 2.
Background and main results
Let W x denote the semigroup of all the total one-to-one transformations of an infinite set X. For any infinite cardinal a not exceeding the cardinal successor |X| + of | ATj, and any cardinal y < \X\, let S(X, a, y) = {/ e W x : shift(/) < a, def(/) = y).
If «" < y < a, then S(X,a, y) is a S^-normal subsemigroup of W x . If y = 0, then S(X,a,y) is a normal subgroup of the symmetric group & x , and these groups together with the alternating group &/ x constitute the set of all the non-trivial normal subgroups of W x ([12] ). For brevity, we write S(X, a, 0) as S(X, a).
Decomposition of one-to-one transformations
The elements of W x -^x are referred to as non-permutations in W x . Just as any permutation may be written as a formal product of disjoint finite and infinite cycles, any non-permutation in W x may be written (essentially uniquely) as a formal product of disjoint cycles (finite or infinite) and chains [3] (see Proposition 2.1 below). As usual, transformations / and We refer to the form f] {/ : / e A} of / as the cyclic-chain decomposition of / . Let 'tfhx c Wx be the set of all formal products of disjoint chains. Proposition 2.1 assures that every transformation / 6 W x can be written as a product of two unique disjoint transformations f p € < £ x and f c e ^h x (the subscripts p and c stand for permutation and chain correspondingly). We let <p n (f) denote the set of all the n-cycles in the cyclic decomposition of / , where n is either a positive integer or oo.
Main results
The main results of this paper are stated in Theorems 2.2-2.4 below. The remainder of the paper is concerned with the proof of these results. 
Properties of one-to-one transformations
The first three statements of the following lemma are easily derived from elementary properties of one-to-one transformations, while the fourth statement presents a well-known result for permutations (see, for example, [12] ), and has been proved for non-permutations in W x in [3] . Let K o < a < $ < \X\ + and let S(X,a) and S(X, 0) be two distinct normal subgroups of % , so S(X, a) < S(X, /?)• Lemma 2.10 gives a sufficient condition for equality of (/ : S(X, a)) and {/ : S(X, /?)) for / € W x . The lemma assures equality of these group closures whenever / shifts fewer than a elements of X by demonstrating that both are just the minimal ^-normal semigroups containing / . These semigroups were described in [3] , where the following has been proved. PROPOSITION 2.9. Let f eW x with shift(/) = a and def (/) = y.
For transformations
Properties of Sf*-normal semigroups have been studied in a number of publications, see, for example, [9, 2, 3, 11, 13, 14] . PROOF. We only need to prove that hfh~l € {/ : 
Then h e S(X, a) and hfh~x = hfh~x € {/ : S(X, a)).
•
On algebraic properties of group closures
Throughout suppose that a is an infinite cardinal. Let / be a non-permutation in W x , and let H be a normal subgroup of & x -Since the semigroup ( / : / / ) consists of oneto-one transformations, it is left cancellative. Since any idempotent transformation of X is the identity on its image, the semigroup (/ : H) is idempotent-free.
Left simplicity of ( / :
H) The following result shows that for any / € W x> {/ : S(X, a)) is a subsemigroup of S(X, a){f) where (/> is the subsemigroup generated by / . PROOF. It suffices to show that given any p e S(X, a) there exists q e S(X, or) such that fp = qf. For this, define q so that q(x) = fpf~\x) if x e im(/) and q(x) = x otherwise. Then q is a permutation of X that maps im(/) onto itself with
Recall that if H = S(X, a)
and shift(/) < a then {/ : H) is a ^-normal semigroup (Lemma 2.10). Such semigroups are left simple when def(/) is infinite. So we assume that shift(/) > a. PROOF. Since ( / : H) is left simple, there exists g e (f :
. If def (f) = \X\ and H < y x , then (f : H) is left simple if and only if H =<$ x .
LEMMA 3.5. Let f be a non-permutation in W x with def(/) = y < a < shift(/).
Suppose that (f : S(X,a)) is left simple. Then (1) there exists g € (f : S(X, a)) with (g) -y;
(2) there exists a positive integer k such that shift(/ t ) < a.
PROOF. TO prove (1) take a non-identity permutation h € S(X, N o ) c S(X, a) such that S(h) c S(f)
, where f c is the product of the chains in / . Then D(f, hfh~l) is a finite nonempty set. Since ( / : S(X, a)) is left simple there exists g € ( / : S(X, a)) such that gf = hfh~l. By Lemma 2.6 shift(g) < y. Also g e ( / : S(X, a)) implies that def(g) = y, so shift(g) > y, and hence shift(g) = y.
To prove (2), take g e ( / : S(X, a)) with shift(g) = y, as constructed above, and write, using Lemma 3.1, g = hf k for some h e 5(X, a), so y = shift(g) = shift(/i/*) = max(shift(ft), shift(/*)). Since shift(/i) < a, and y < a we have that shift(/*) < a.
• NOTATION 3.6. Let f e W x be such that X o < def(/) < a < shift(/) and shift(/*) < at for some positive integer k. Use m to denote m = min{k >2:k is an integer, /* € S(X, a, y)}.
We will use the permutation as constructed below. •
The next result presents sufficient conditions for the left simplicity of (/ : S(X, a)). 
Now suppose \D(s, t)\ > r\. By statement (1) of this lemma, there exists w e ( / : S(X, a)) such that shift(uis) < q, and so, by statement (2), \D(tws, t)\ < r\. Therefore by the previous paragraph there is a u € ( / : S(X, a)) such that utws = t.
• (X, a) ) is a left simple semigroup.
We describe the cyclic-chain structure of / in W x satisfying the conditions of Lemma 3.9. Let def(/) = y > X o , and let a, r] be cardinals with y < rj < a < \X\ + . Set J/f = [n : \y n (f)\ > ??, n is an integer, n > 2). Note that if the set J^f" ^ 0, the least common multiple lcm(^fC t) ) of the integers in J<? may or may not exist, and set It was noted in [10] that the arguments of [11] , based in part on the left cancellativity and left simplicity of BL(\X\, y) may be adopted virtually unchanged to show that the interval [ A, A y +] is a chain in the congruence lattice of any %-normal subsemigroup of BL(\X\, y). In [10] this result was extended further as follows. PROPOSITION 3.11. Let K o < y < a. Then Con (S(X, a, y) ) is a chain consisting of A and the set {A n : X o < r) < a). Moreover, A Y + is a minimal group congruence on S(X, a, y). X, a) ) be a left simple semigroup. In view of the above proposition we may assume that it is not a Sfx-normal semigroup, so (in light of Theorem 2.2 and Lemma 2.10) N o < def(/) < a < a = shift(/), and shift(/ m ) < a for the least positive integer m > 2. Certain congruences on ( / : S(X, a)) may be described in terms of congruences on the group G defined below. Note that shift(/ p ) = a > a, so f p i S(X, a), and let
Now let {/ : S(
be the subgroup of ^x generated by S(X, a) and f p . Then We may easily adapt the arguments of [11] to show that the interval [A, A y+ ] is a chain in Con((/ : S(X, or))) consisting of A and the set of congruences of the form A, where N o < n < y + . The proof may be accomplished using the elements of the Sfx-normal subsemigroup S(X, a, y) of ( / : S(X, a)) with the aid of Lemma 3.8 (2) . The consequence of this is stated below. PROOF. Observe that statements (2) and (3) follow from (1) and Observation 3.13, while statement (4) follows from (2), (3) and the last sentence of the statement of Lemma 3.14. To prove (1), let g e (f : S (X, a) ). By Lemma 3.12, g p e G. Let g be the class of g in {/ : S(X, a))/A x + , and let g~p~ be the class of g p in G/A y +. Let ir : ( / : S(X, a))/A y+ -» G/A y * be defined by V : g n* T P -To show that rjr is well-defined and one-to-one, take g = g p g c , t = t p t c e {/ : S (X, a) for a divisor n of m, 1 < « < m (Lemma 3.14, Lemma 3.15). Since for any permutationr e % , and any transformations s, t of X, \Dihsh~1, ht h~[)\ = |D(s, 01. and all the automorphisms of ( / : S(X, a)) are inner, its congruences of the form Aâ re preserved under automorphisms. Similarly, conjugation by permutations preserves the congruences F n .
Equality of group closures
We start by considering //-closures of / € W x with H = S(X, a). In view of Lemma 2.10, we may concentrate on transformations with a 'large' shift, that is shift(/) > or. •
Our aim now is to extend the above result to a transformation / with an infinite or zero defect. The next result is concerned with / € W x that has both shift and fix at least as large as a. •
